Mean-field stochastic differential equations driven
by G-Brownian motion

-
pus)
It
It

v

LR

J‘;

2023/7/30

P33

Mean-field stochastic differential equations driven by G-Brownian motion




@ Introduction
@® G-Expectation
© Mean-Field G-SDE

@ Harnack and log-Harnack inequalities

P33

Mean-field stochasti rential equations driven by ian motion



Introduction
€000

@ Introduction

ield stochastic differential equations driven G-Brownian motion



Introduction
000

Introduction

® Distribution dependent SDEs/ McKean-Vlasov SDE/
Mean-field SDEs

dXt = b(t, Xt, th)dt -+ O'(t7 Xt, th)dBt,

where the drift and diffusion coefficients depend not only on
the state variable X, but also on its marginal distribution Lx,.
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Introduction

A brief review on McKean-Vlasov SDEs

o McKean 1966, Proc. Natl. Acad. Sci. USA.
Vlasov 1968, Sov. Phys. Usp.

Sznitman 1991, Topics in propagation of chaos.
F.-Y. Wang 2018, Stochastic Process. Appl.

J. Shao, j. Bao, C.Yuan, X. Huang, P. Ren
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Introduction

McKean-Vlasov SDEs under G-expectation framework

® S.Q. Sun 2020, Math. Methods Appl. Sci.
e D. Sun; J.L. Wu; P.Y. Wu 2023, arXiv:2302.12539
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G-Expectation

® Fix two positive constants ¢ and ¢ with o < &, define

G(A) == sup tr[Ay], AeS™.

7681 ﬂ[g2|m><m762|m><m}
e induced E; Q7 = Go([0, T;RY); wo = 0; || [loo; Br(w) = we;
2(07) = (X € L'@7) | Jim E[X[Plizn] =0, X g},

1

o M2(0, T1); ME°(0, T)), Il o,y = [E (U InelPa) ]

N—-1
MZ’O([Oa T]) = {nt = Zgj]‘[tﬁtj-‘—l);gj € LZ(QU)}
=0

P33

Mean-field stochastic differential equations driven by G-Brownian motion



Mean-Field G-SDE
[ eJelele]

© Mean-Field G-SDE

ield stochastic differential equations driven G-Brownian motion



Mean-Field G-SDE
(o] lelele]

Mean-Field G-SDE

Consider
t B t m B ) )
X; :x0+/ b(s,XS,IEXS)ds+/ Z hij(s, Xs,EXs)d (B, B) _
0 0o =
ij=1
t —
+ [ (ot X BX0), dB)
0
(1)

where B. is an m-dimensional G-Brownian motion under E, and
<B’, Bf>t stands for the mutual variation process of the i-th

component B! and the j-th component B{, EX; is the expectation
of X; under E,

b, hj = hji : [0,00) xR"xR" — R"; ¢ :[0,00) xR"xR" — R™".
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Mean-Field G-SDE

Assume the following two conditions are satisfied:
(A1) For fixed x x" € R",

b(-,X,X’), h,‘j(',X,X’) € LZ([Oa T]7Rn)a
o(-,x,x") € L2([0, T|;R™™).

(A2) For xi,x2,y1,y2 € R", b, hjj, 0 are satisfying the Lipschitz
condition:

m
’b(saxbyl) - b(57X27Y2)‘ + Z ’hij(S,Xl,}/l) - hU(57X2aY2)\
ij=1

+ |U(57X1,}/1) - 0(57X27)/2)’ < K(|X1 _X2’ + |y1 _y2|)7
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Mean-Field G-SDE

Assume (A1)-(A2). Then the mean-field G-SDE (1) has a unique
solution X € MZ([0, T|;R").
® idea of a proof
® Define a mapping:
¢+ Mg ([0, TER") — M ([0, TER")
x' = X.

®  is a contraction mapping on MZ([0, T]; R").
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Mean-Field G-SDE

Let X; be the solution of the mean-field G-SDE (1). Then

_ x 2
E( sup |X¢ = XY|") <&%|x —y[%,
te[0,T]

where
6% = 16K*(T + Ta2 + 452). (2)
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Wang's inequalities

® Wang's inequalities

D(Pf(x)) < PO(F)(y)e?Y), x,y € RY f € BS (RY),

* P:B}(RY) — B} (RY) linear operator;
® &:[0,00) = (0,00), convex;
o U:RYxRI - (0,00).

oF.-Y. Wang (1997), PTRF.

oF.-Y. Wang (2013), Springer, New York.
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Harnack and log-Harnack inequalities

Mean-field G-SDE:

dXt - b(t,Xt,I_EXt)dt+ h(t,Xt,I_EXt)d<B>t +dBt (3)

b and h satisfy assumptions (A1) and (A2).

Well-posedness

Nonlinear operator

Prf(x) =Ef(X¥), f € G (R),

La(Q7) = {X € L%Qr) | Jim EIX[Lixjn] =0, X g.c.}.
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Harnack and log-Harnack inequalities

Theorem 3

Under (A1) and (A2), for any nonnegative f € C; (R), p > 1 and
T > 0,x,y € R, it holds that

(1) Harnack inequality

(Prf)P(y) < Preo(x) exp{ Ao,5, T, K)lx —y|2} (4)

2(p—1)

(2) Log-Harnack inequality
_ . 1
PTIOg f(.y) < IOgPTf(X) + §A(276_a Tv K)|X _y‘Z’

where A(g,5, T,K) :=

o2 _ o ?+5? S(148))K>T
22 4 (14 o) (1 4+ 20)K + (L HT )04

3
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Harnack and log-Harnack inequalities

Let {XX}¢>0 solve (3) with Xy = x. Define u¢ := EXY,
dX;( = (t7X;<,,U,t)dt+ h(t,X;(,Mt)d<B>t +dBt
Consider the following coupled stochastic differential equations

dXt = b(t, Xt, /,Lt)dt + h(t7 Xt, Mt)d<B>t + dBt, XO = X = o,
dYt = b(t, Yt, Vt)dt + h(t, Yt, I/t)d<B>t + dBt
v
+ (b(t7Xt7,ut) - b(t7 Yt7Vt) - 7) dt
+ (h(t7XtaMt) — h(t, Ytth))d<B>ta Yo=y=x+v=u,
where v, = EXY.

Note that X7+ = Y7.
CEES
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Harnack and log-Harnack inequalities

Let

v
ur = b(t, X, pe) — b(t, Yy, vt) — =

7o We = h(t, Xz, ue) — h(t, Yi, ve).

From the condition (A2), we obtain

lug| = ‘(b(t,Xt,ut) ~b(t, Yo ) — 1)‘

v
<K (X = Vel e —wel) + 2,
|Wt’ = |(h(t7Xt7:U’t) - h(t) Yta Vt))|

S K (|Xe = Yi| + e — ve])
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Harnack and log-Harnack inequalities

It follows from Theorem 2 that

e —ve| = ‘EX? _]EXH < E(}X? _Xﬂ) < dlx —yl.

Therefore
t—T vl _ 1+K(1+6)T—1)
< — — <
d < K (|50 ax =) + 1) < POT=0),
t— K((1+9)T —t
‘Wt|§K<‘ v +5|x—y!) < (« T) )|v|
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Harnack and log-Harnack inequalities

* Huetal (Qr,LLES), Q7 = G([0, T|; R*™)

E(A) = %Supve[gqum’aqum] tr |:A ( | v Imi<1m >:| ‘

[ )
mxm V
o AcS?m,
e Let (B, B:) be the canonical process in the extended space.

(Bes Be) = thmem, BC[E) = B, € € LL(Q7), Lpy, = Lp .

B;is a G-Brownian motion under E¢ with

G(A) =- sup trace[Av],A € S™.

E_zlmxmgvgg_zlmxm
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Proofs

Let (f)e<T, (8)e<T € MZ([0, TI;RY). If

.
B oxp { (5+0) | (@t + gmctBred +2<f5,gs>ds)} 3

§ > 0 is a consant, then the process B := B+ [, fuds + [, g,d(B)s is a
G-Brownian motion on [0, T] under E[-] := EG[RT( )] with

wrmen{ - [1((6) (3))

T
3 (e s sa@e v 2esa |

0
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Proofs

wrimon] = ["((2)0(£))

T
_;/0 (<U57d<B>s U5>+<W57d<B>s Ws>+2<U5,Ws>dS) }

T 1 (7 T
Xp —/ Wsst—Q/ \Ws\Qd(B>s—/ wsusds
0 0 0

T B 1 /T B
—/ usst—/ lug|?d(B)s ¢.
0 2 0

@
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Proofs

Define a sublinear expectation E by IE[&] = EE[gMT], then the
process

t t
B; == B; —|—/ usds +/ wsd(B)s, t>0
0 0

is a G-Brownian motion under E. Then, Y;: can be expressed by

dYt = b(t, Yt, Vt)dt + h(t, Yt, Vt)d<B>t + dBt + Utdt + Wtd<B>t
= b(t, Yy, ve)dt + h(t, Ye, ve)d(B)¢ + dB:.
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Proofs

Now we come to derive the Harnack inequality as follows
Prf(y) = Ef (X}) = Ef(YY) = Ef(X}) = EC(Mrf(XF)). (6)
By Hoélder's inequality, we obtain

_ = o~ - P p—1
(PrfP(y) = BT < @0 (8 |y )
)
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Proofs

Moreover,

_ P e p T B p T B
E I:Mf,’_ 1:| :EG exp{ — —— usdBs — pl)/ ’u5’2d<8>5
0
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Proofs

Combining with (5), we deduce that

T B T T
[P+ [ imfae)+ [ o
0 0 0

T T T (9)
SJ_Q/ \u52d5+62/ \Ws\zds—i—/ 2usweds
0 0 0

S A(gaa_a T7 K)|X _y’27

where A(o,5, T,K) =
B -2, =2 2
gTz (o)1 420K + (c=2+5 +2)(13+36(1+6))K T
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Harnack and log-Harnack inequalities

Proofs (1)

Combining this with (8), we have

p
-1

&7 T7 K)‘X _y’2

[ e
E° [M;’-I] <exp

Substituting this into (7), we prove (4).
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Harnack and log-Harnack inequalities

Proofs (2)

For the log-Harnack inequality, similar to (6), we have
Prlogf(y) =Elogf(X¥) = Elog f(Y¥)
= Elog f(X¥) = EC(My log f(XX)).
According to Young inequality, we obtain
E(Mr log (X)) < log E®[f(X5)] + E¢[Mr log Mr]

— log Prf(x) + E€[Mr log M] (10)
= log P7f(x) + E[log M7].
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Harnack and log-Harnack inequalities

Proofs (2)

Let

= _ t t —
B: = B; —I—/ wsds +/ usd(B)s.
0 0

B; is a G-Brownian motion under [E. Then, we have

EuogMT]:E[/ \Ws|2d<3>s_/ us (4B, — wads — usd(B)s)
0 0
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Harnack and log-Harnack inequalities

Proofs (2)
Combining this with (9), we deduce that

N _ 2

EllogM7] < A(0,5, T, K)‘X2Y|. (11)

Substituting (11) into the last equation of (10), the prove of (17)
is done.
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